We first introduce the concept of (k, k ′ , k ′′ )-domination numbers in graphs, which is a genaralization of many domination parameters. Then we find lower and upper bounds for this parameter, which improve many well-known results in literatures.
Introduction and preliminaries
Throughout this paper, let G be a finite connected graph with vertex set V = V (G), edge set E = E(G), minimum degree δ = δ(G) and maximum degree ∆ = ∆(G). We use [16] as a reference for terminology and notation which are not defined here. For any vertex v ∈ V , N (v) = {u ∈ G | uv ∈ E(G)} denotes the open neighbourhood of v in G, and N [v] = N (v) ∪ {v} denotes its closed neighbourhood. There are many domination parameters in graph theory. The diversity of domination parameters and the types of proofs involved are very extensive. We believe that some of the results in this field are similar and the main ideas of their proofs are the same. Therefore we introduce and investigate the concept of (k, k ′ , k ′′ )-domination number, as a generalization of many domination parameters, by a simple uniform approach. Let k, k ′ and k ′′ be nonnegative integers. A set S ⊆ V is a (k, k ′ , k ′′ )-dominating set in G if every vertex in S has at least k neighbors in S and every vertex in V \ S has at least k ′ neighbors in S and at least k
We note that every graph with the minimum degree at least k has a (k, k ′ , k ′′ )-dominating set, since S = V (G) is such a set. Note that
For the definitions of the parameters above and a comprehensive work on domination in graphs see [1, 2, 3, 11, 12, 14, 15] .
Lower bounds on
In this section, we calculate a lower bound on γ (k,k ′ ,k ′′ ) (G), which improves the existing lower bounds on these seven parameters. The following result can be found in [2] and [9] .
Theorem 2.1. If G is a graph without isolated vertices of order n and size
in addition this bound is sharp.
Also Hattingh et.al [10] found that
The following known result is an immediate consequence of Theorem 2.1.
The inequality
on restrained domination number of a tree of order n ≥ 1 was obtained by Domke et al. [3] . The author in [15] generalized Theorem 2.1 and proved that if
Moreover the authors in [14] proved that if G is a graph without isolated vertices, then
We now improve the lower bounds given in (1), (2), . . . , (6) . For this purpose we first introduce a notation. Let G be a graph with δ(G) ≥ k and let S be a (k, k ′ , k ′′ )-dominating set in G. We define
It is easy to see that deg(v) is at least k ′ + k ′′ and therefore is at least δ * for all vertices in V \ S. 1, 1) , then Theorem 2.3 gives improvements for inequalities (1) and (3). When (k, k ′ , k ′′ ) = (0, 1, 1), then it will be improvements of its corresponding results given by (2) and (4). Also, if
, it improves (6) .
As an immediate result of Theorem 2.3, we conclude the following result of Hattingh and Joubert.
Corollary 2.4. [7]
If G is a cubic graph of order n, then γ r (G) ≥ 
Theorem 2.7. [5] If G is a graph with n vertices and m edges, then
We note that every graph G with δ(G) ≥ k has a (k, k ′ , 0)-dominating set such as S = V (G) and therefore
Proof. Let S be a minimum (k, k ′ , 0)-dominating set in G. Then each vertex of S is adjacent to at least k vertices in S and therefore to at most ∆ − k vertices in V \ S, and so |[S, V \ S]| ≤ (∆ − k)|S|. On the other hand, every vertex of V \S has at least k ′ neighbors in S, and so k
The following corollaries are immediate results of Theorem 2.8.
Corollary 2.9. ( [13, 17] ) If G is a graph of minimum degree at least k, then γ ×k,t (G) ≥ kn/∆ and this bound is sharp.
Corollary 2.10.
[6] If G is a graph of order n with δ(G) ≥ k − 1, then γ ×k (G) ≥ kn/(∆ + 1) and this bound is sharp.
)-domination numbers
In this section we present an upper bound on (k, k ′ , 1)-domination numbers and list some of the existing upper bounds which can be derived from this upper bound.
Theorem 3.1. Let G be a graph of order n and let k and k ′ be positive integers.
If k
The bounds given in Parts 1 and 2 are sharp.
Proof. Let u be a vertex in G with deg(u) = δ. Proof of 1:
. . , v k ′ } is a nonempty set. Also, it is easy to see that the subgraph induced by
Thus v has at least k ′ neighbors in S. On the other hand, for every vertex v in S we have It is easy to see that the upper bounds are sharp for the complete graph K n , when n ≥ max{k, k ′ } + 3.
Considering Parts 1 and 2 of Theorem 3.1 we can see that
As an immediate consequence we conclude the following corollary.
Corollary 3.2. If G is a graph of order n and minimum degree δ ≥ 3, then γ 2r (G) ≤ n − δ + 1 and the bound is sharp.
